In this paper we analyse a number of teaching paradoxes of classical electrodynamics, dealing with the relativistic transformation of energy and momentum for a fluid medium in an external electromagnetic field. In particular, we consider a moving parallel plate charged capacitor, where the electric attraction of its plates is balanced by the pressure of gas convicted between the plates.
Introduction
In this contribution we continue a series of papers on apparent paradoxes in classical electrodynamics. As before [1, 2] , we select the problems, which are not analysed in popular textbooks in details. In the present paper, we formulate a number of paradoxes dealing with a transformation of mechanical and electromagnetic (EM) energy-momentum for stationary systems, involving fluid media. Both the mechanical and EM interactions are presented by the corresponding energy-momentum tensors. The symmetric electromagnetic energy-momentum tensor has the well-known form (see, e.g., [3] )
where F μν = ∂ μ A ν − ∂ ν A μ is the tensor of the EM field, A μ is the 4-potential, g μν is the metric tensor and μ, ν = 0, . . . , 3.
For any designated resting volume of a fluid medium the mechanical energy-momentum tensor has the diagonal form [3] (T M ) μν 
where ε is the energy density and p is the pressure. We emphasize that due to Pascal's theorem, the spatial diagonal elements of this tensor are equal to each other 3 [3] . The transformation of a symmetric tensor for different inertial observers was found in [3] for the simplest case, when a relative velocity v of the inertial frames K and K lies along the axis x. This transformation for the time-like components is
In this paper, we additionally need to know a transformation of a diagonal tensor under spatial rotation at the angle α in the plane xy. Taking into account that such tensor represents a particular case of the symmetric tensor T μν = T νμ , we write the latter as 
The subscript 'r' designates the tensor, obtained after rotation. Equations (4) confirm a known fact that, in general, a diagonal tensor is modified by spatial rotation. There is a single exception: the diagonal tensor with
Then one sees from equations (4) that T μν r = T μν . Such is the mechanical energy-momentum tensor (2) , which turns out to be invariant with respect to spatial rotations. This result represents a direct implication of the Pascal theorem, which demands the equality (5).
At the same time, the symmetric EM energy-momentum tensor (1) does not possess the property (5) even in the frame of references, where it is diagonal, and its components are modified by spatial rotation. The revealed non-equivalence of the matter tensor (2) and EM energy-momentum tensor (1) with respect to spatial rotations creates a number of physical difficulties in the analysis of the energy-momentum transformation law and balance of mechanical and EM forces. It gives rise to a number of paradoxical situations, which are analysed below for a simple representative of mechanical systems with a fluid medium: a parallel plate charged capacitor, where the electric attraction of its plates is balanced by the pressure of gas, enclosed between the plates. We assume that the distance between the plates is greatly less than their linear sizes, so that boundary effects are negligible 4 . This configuration implies a presence of flexible insulating sidewalls, which hold the gas inside the capacitor, but do not exert on the plates. These walls also experience the force of the gas. However, for the adopted configuration the side forces are substantially less than the force between the plates. Besides, the total sum of these side forces is equal to zero not only in the rest frame of capacitor, but for any other inertial (even relativistic) observer. Thus we can simply exclude these side forces from further analysis without loss of generality. In section 2, we formulate the paradoxes, dealing with the transformation of energy-momentum, when the capacitor moves at the constant velocity v, which can constitute different angles α with its inner electric field E.
Parallel plate charged capacitor with an arbitrary spatial orientation, moving at the constant velocity
Let a parallel plate charged capacitor described above moves at the constant velocity v along the axis x of the laboratory frame K . We will consider three cases depicted in figure 1: (a) v is orthogonal to E; (b) v is collinear to E; (c) the vectors v and E lie in the plane xy and constitute an angle 0 < α < π/2. We want to compute the mechanical, electromagnetic and total momentum of this configuration in the frame K .
In order to solve the problem, we first determine the energy and momentum in the rest frame K of this configuration, and then carry out a transformation to the laboratory frame K . The total energy of the resting configuration is equal to
where E P = 2M 0 c 2 is the mechanical energy of capacitor's plates (M 0 being the rest mass of each plate), E G = V ε dV is the energy of gas and E EM = V ε EM dV is the energy of the EM field, convicted between the plates. Here the electromagnetic energy density is equal to
(E, B being the electric and magnetic field, correspondingly), and V stands for the volume of the capacitor. Analogously, the total momentum in K represents the sum
In this frame we get the obvious equalities P P = 0, P G = 0. Furthermore, also P EM = 0. Indeed, in the frame K the magnetic field is equal to zero in the entire space, and the Poynting vector
is also vanished. Hence In the frame K , the total energy and momentum of moving capacitor are determined by the Lorentz transformation taking into account equation (10),
A reader can verify this transformation for the cases v⊥E (figure 1(a)) and v E (figure 1(b)), using the transformation law (3a) for the energy-momentum tensors of the EM field and gas convicted inside the capacitor. In such analysis the mechanical energy-momentum of gas should be taken in the same form (2) for both figures 1(a) and (b), which reflects its invariance under spatial rotations. The EM energy-momentum tensor of resting configuration is equal to
for the problem in figure 1(a), and
for figure 1(b). Equations (12), (13) result from the definition of the EM energy-momentum tensor through the electric and magnetic fields [3] ,
(δ ij being the Kronecker symbol, i, j = 1, . . . , 3), and the appropriate equalities figure 1(a) ),
One can check that equations (12) 
we find that for the problem in figure 1(a),
whereas for figure 1(b),
The absence of the magnetic field in figure 1(b) signifies that the Poynting vector (9) is vanished in the inner volume of moving capacitor. Hence we conclude that there is no EM energy flux inside the capacitor of figure 1(b), like in a static case. At the same time, when the capacitor is moving, it certainly carries the electromagnetic energy being located between its plates. It means that EM energy disappears at some spatial points and emerges at another spatial points during a motion of capacitor. Since the energy conservation law should be implemented locally, this situation inevitably requires the presence of the electromagnetic energy flux, but we have shown above that S = 0 inside the capacitor. We point out that near capacitor's boundary S is not zero, but such boundary energy flux can explain a transmission not more than 1% of the total EM energy of the system (see footnote 2). How to resolve this paradox?
Another paradox emerges, when we compute the total energy-momentum of moving configuration for its spatial orientation according to figure 1(c) (0 < α < π/2). On the one hand, we are free to apply equations (11a)-(11d), which show that the total momentum has only the non-vanished x-component (P t ) x = vγ E/c 2 . On the other hand, we can find transformation for each component P P , P G , P EM separately. Further we compute the total momentum of configuration P t as the sum of P P , P G and P EM (see equation (8)). On this way we want to check, in particular, the implementation of equality (P t ) y = 0 (equation (11c).
The mechanical momentum of moving plates P P in the frame K has the form
and does not contribute to the y-component of P t . The mechanical momentum of gas P P enclosed between the plates of capacitor can be determined from the definition [4] 
where T M 0 i is found by applying transformation (3a)-(3d) to the tensor (2). (We again point out that the matter tensor (2) is not modified by spatial rotation at the angle α). Then the straightforward calculations yield
Equations (20) show that the mechanical momentum of gas has only the non-vanished xcomponent, and does not contribute to y-components of P t . Finally, let us determine the electromagnetic momentum of configuration. First we find the EM energy-momentum tensor in the rest frame of capacitor K, taking into account that for this frame
(see figure 1(c) ). Then equations (14) gives
Applying further the tensorial transformation (3a)-(3d), we obtain the appropriate timelike components of the EM energy-momentum tensor in the frame K as follows:
Using again definition (19) utilized for the EM field
and combining equations (23a)- (23d) and (24), we arrive at the equalities
(Here we take into account that in the frame K the volume of capacitor is V /γ .) Equations (25a)-(25c) can also be derived through the Poynting vector and known theorem, linking the momentum and energy flux density [4] ,
Using transformations (15a)-(15f ) between the frames K and K , we determine the electric and magnetic fields inside the moving capacitor taking into account equations (21),
Hence the Poynting vector has the following components in the laboratory frame K :
Combining equations (28a)- (28c) and (26), we arrive at equations (25a)-(25c). We point out that in the non-relativistic limit (v c, γ ≈ 1), the ratio S x S y = −tg α. This result indicates that in this limit the Poynting vector in K is collinear to capacitor's plates, as shown in figure 1(c) .
Thus the y-component of total momentum of configuration is
since (P P ) y , (P G ) y = 0.
Observe that for α = 0, π/2, (P t ) y is not zero. On the other hand, the Lorentz transformation for the total momentum of configuration gives (P t ) y = 0 (equation (11c)). Thus applying different methods of calculations, we obtain equations (11c), (28a)-(28c), which directly contradict each other. How to resolve this paradox?
We can add that taking into account of boundary effects and leakage electric and magnetic fields of capacitor give a negligible contribution to (P t ) y , when the ratio of transverse and longitudinal sizes of parallel plate capacitor is large enough (see footnote 2), and do not solve the paradox.
In a recent paper [1] , Kholmetskii and Yarman (KY) proposed and then claimed to resolve a 'paradoxical situation' in connection with Poynting's theorem. We first state the standard differential form of Poynting's theorem
where
and
For most of their paper, KY consider a region without current, so that Poynting's theorem becomes
KY then state: 'which, according to the known theorem of vector analysis, represents a sufficient condition that u and S compose a 4-vector. However, the isolated charged particle moving at a constant velocity produces the bound EM field only, where the energy density u and energy flux density S transform not as 4-vectors, but rather as the time-like components of a symmetric tensor. Thus, we get a paradoxical situation'. KY then claim that because of this paradox, the standard form of equation (3) for the electromagnetic (EM) energy flux of a moving charge is wrong, and they attempt to derive an alternate form to replace it. However, it is not true that equation (4) represents a sufficient condition that u and S compose a 4-vector. The division theorem that would suggest this is misapplied in this context, as we discuss later in this comment.
Also, contrary to the conclusion of KY, the standard Poynting theorem (with or without the j · E term) is correct with u and S given by equations (2) and (3). This is easily seen in the following well-known simple derivation:
where we have used Maxwell's curl equations. This derivation is so straightforward that any attempt to refute any of equations (1)- (4), even for a moving point charge as suggested by KY, would have to point out an error.
There are a number of steps taken by KY that lead to their incorrect conclusions. Some of these steps are actual mistakes. Others are steps that hold only in their special case of a point charge moving with a constant velocity or, more generally, any originally static charge distribution that moves with constant velocity v. That is, some of their results that are not wrong do not apply for general fields.
We list the questionable steps in the KY paper below.
(1) The misapplication of the division theorem has already been noted. There are two errors made in this connection. First, the division theorem requires that the 4-vector that is contracted with the components (u, S) be an arbitrary 4-vector, but the derivative 4-vector (∂ t , ∇) is anything but arbitrary, as we discuss further in point 5 below. Second, the zero on the right-hand side of equation (4) is not a scalar. In fact, in the case of the Poynting theorem the 0 in equation (4) is one component of a 4-vector, which is consistent with (u, S) being one column of a tensor. This can be seen definitively by writing the Poynting theorem in manifestly covariant form using the symmetric EM energy-momentum tensor T μν EM given in equation (32) of KY. This tensor has the components
with T ij EM being the negative of the Maxwell stress tensor in terms of E and B. This permits the covariant form of the Poynting theorem (in the absence of current)
Equation (7) shows that there is no paradox concerning the transformation properties of the Poynting theorem, with (u, S) being the μ0 column of a tensor. (2) The derivation of KY's equation (5) applies only for the special case of a point charge (or any static charge distribution) moving with a constant velocity, and not for general fields. The operator relation
they use works because, with the velocity v in the xdirection, the x, t dependence for this special case is (x − vt). Also, their use of B = v × E/c in their equation (7) and subsequent derivations is only valid for that special constant velocity case. This means that their resulting equations (6), (8)- (10), (14)- (18) only apply in these special cases,
and not for general fields. This is alright until they apply these equations to a general case in comparing their equations (6) and (10). (3) KY write: 'We can check by direct calculations that equation (3) (which is the same as our equation (3) for the Poynting vector), is not fulfilled for the bound EM field'. But their direct calculations are incomplete. Just after their calculation, they conclude: 'We see that, in general, the sum of equations (6) and (10) does not vanish, and the equality (4) (which is the same as our equation (4) for Poynting's theorem), is not fulfilled indeed. Thus the paradox persists'. However, their equations (6) and (10) are just complicated versions (that apply only for their special case) of the simple standard equations for ∂ t u and ∇ · S. By so complicating these two equations, KY have obscured the fact that the sum of their equations (6) and (10) does, in fact, vanish for their special case. Indeed, completing their direct calculation with a straightforward calculation using their equation (11) for E shows that the sum of their equations (6) and (10) does vanish for the special case assumed in the derivation of those equations. We already know from the derivation of our equation (5) that equality (4) will hold for any consistent calculation. KY have derived their equations (6) and (10) for the special case of a moving charge, and then used the fact that they do not (and should not) apply in general to suggest a paradoxical result. (4) Their equation (12) (our equation (1)) for the Poynting theorem in the presence of a current density shows that the 0 on the right-hand side of equation (4) 
where (as do KY) we have used equation (8) for the case of a moving charge. The result is that any function with the r, t dependence (r − vt) will satisfy equation (9). It does not have to be the energy density of a moving charge. This means that the relation ∂ t f + ∇ · (vf ) = 0 holds for any function f (with any Lorentz character) of the fields of a moving charge, and is not related to Poynting's theorem.
(i) KY state, following the derivation (still for their special case) of their equation (18), that 'the 4-vector transformation for u and vu is obvious, and the paradox considered has been resolved'. This statement is wrong because u is known to be the 00 component of a tensor, and not part of a 4-vector. In fact, KY have already stated so following equation (4) 2 )/8π ] shows explicitly that they are not the components of a 4-vector. This means that while there is no paradox for the standard Poynting vector, there would be one if the form vu, which has no clear Lorentz behaviour, were used in Poynting's theorem.
(ii) One final problem with KY's proposal to use the form vu to replace the standard Poynting vector for a moving point charge is that the divergence of vu cannot lead to the E · j term. That means that vu cannot be used in the integral form of Poynting's theorem when the surface integral encloses the moving charge.
In summary, the claim by Kholmetskii and Yarman that Poynting's theorem in its standard form is paradoxical for a moving charge, and that vu should replace the standard form of the Poynting vector S for a moving charge, is wrong. We have identified and corrected the errors in their paper that led to their false conclusions. It does turn out, for the special case they
